We characterize Osserman and conformally Osserman Riemannian manifolds with the local structure of a warped product. By means of this approach we analyze the twisted product structure and obtain, as a consequence, that the only Osserman manifolds which can be written as a twisted product are those of constant curvature.
Introduction
The group of isometries of any Riemannian two-point-homogeneous space acts transitively on the unit sphere bundle. This implies that any Riemannian twopoint-homogeneous manifold is Osserman, i.e., the eigenvalues of the Jacobi operator are constant on the unit sphere bundle. Moreover, the converse was conjectured by Osserman and proved to be true in dimension different from 16 [9, 12, 13] . Later, the Osserman concept was extended to the conformal setting by analyzing the conformal Jacobi operator. Remarkably both conditions are equivalent for Einstein manifolds of dimension different from 4, 16. We refer to [3, 4, 5, 7] for basic results on conformally Osserman manifolds.
Warped products were introduced in [2] as a tool to construct Riemannian manifolds with non positive curvature. Furthermore, the fact that many cosmological models are warped products reinforces their importance in Lorentzian signature. Twisted products were introduced in [8] as a more general structure, since they include a wider variety of metrics than warped products. Both, warped and twisted products, are the underlying structure of many geometrical situations and they play an important role in conformal geometry.
In this paper we study the relation between these geometric properties and the algebraic structure of the metric tensor. More specifically we study which Osserman manifolds are warped or twisted products. Our approach relies on the fact that the metric is positive definite, and thus the results we obtain are in Riemannian signature. As an exception, the analysis we carry out in Section 3 does not require any restriction on the signature, and thus we show that a necessary condition for any four-dimensional warped product to be conformally Osserman is the local conformal flatness. In Section 4 we study Riemannian conformally Osserman warped products in arbitrary dimension, obtaining the following result. 
Preliminaries
Let (M, g) be a Riemannian manifold of dimension n. Let ∇ denote the LeviCivita connection and R the curvature tensor chosen with the sign convention given by
For any orthonormal basis {E 1 , . . . , E n }, the Ricci tensor and the scalar curvature are defined as follows:
The curvature tensor R decomposes as R = C • g + W , where C is the Schouten tensor, W is the Weyl tensor and • denotes de Kulkarni-Nomizu product. Then let
be the usual Jacobi operator and the conformal Jacobi operator, respectively. (M, g) is said to be pointwise Osserman (respectively, conformally Osserman) if for every p ∈ M the Jacobi operator J p (respectively, the conformal Jacobi operator) has constant eigenvalues on the unit tangent sphere S p = {x ∈ T p M : g p (x, x) = 1}, where T p M is the space tangent to M on p. The relation between these two concepts was pointed out in [5] , showing that (M, g) is pointwise Osserman if and only if (M, g) is Einstein and conformally Osserman.
Warped product structures Let (B, g B ) and (F, g F ) be pseudo-Riemannian manifolds and let f : B −→ R + be a positive function on B. The product manifold M = B × F endowed with the metric g = g B ⊕ f 2 g F is called the warped product B × f F with base B, fiber F and warping function f . The geometry of a warped product is described in terms of the curvature tensor as follows.
and let U, V, W ∈ X(F ). The curvature tensor R is given by:
Twisted product structures Let (B, g B ) and (F, g F ) be pseudo-Riemannian manifolds and let f :
The same terminology of base and fiber applies in this case, whereas f is referred to as the twisting function. In the following lemma the geometry of a twisted product is described. For simplicity in some of the expressions we use ξ = Log f instead of f .
Lemma 2.2 [10] , [14] Let (M, g) = B × f F be a twisted product. For X, Y, Z ∈ X(B) and U, V, W ∈ X(F ) the curvature tensor R is given by:
Remark 2.3
The difference between warped and twisted products is pointed out by reducing the base B to a single point {p}. Then, warped products {p} × f F become homothetic metrics on the fiber F , while twisted products {p} × f F are in one to one correspondence with conformal metrics on F .
Four-dimensional setting
Four-dimensional geometry is of special interest in the context of Osserman and conformally Osserman geometries. Three-dimensional Osserman metrics are of constant curvature and moreover, the Weyl tensor has no meaning in dimension three. Therefore, dimension four is the first non-trivial case to be considered. A proper feature of dimension four is that the Hodge star operator is idempotent and the curvature tensor further decomposes as R = C • g + W + + W − , where W ± denote the self-dual and anti-self-dual components of the Weyl tensor. [4] and [7] for a proof of this fact), our approach in the present section relies on the study of the self-dual and the anti-self-dual Weyl curvature operators.
Moreover, since a four-dimensional pseudo-Riemannian manifold is conformally Osserman if and only if it is (anti-)self-dual (see

Four-dimensional warped products
The following lemma, which relates self-duality and anti-self-duality, is a previous step to the characterization of conformally Osserman warped products in dimension four.
Lemma 3.1 A four-dimensional product manifold B ×F is self-dual if and only if it is anti-self-dual.
Proof. Since any Lorentzian four-manifold is self-dual if and only if it is antiself-dual, next we consider Riemannian (+ + ++) or neutral signature (+ + −−) direct products B × F . Let p ∈ B × F be an arbitrary point. Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal basis of the tangent space and let {e 1 , e 2 , e 3 , e 4 } be the corresponding dual basis. Consider the following orthonormal basis for the selfdual and anti-self-dual spaces:
where ǫ i = g(e i , e i ). The diagonal terms of the self-dual and anti-self-dual matrix associated to these basis are given by: 
There are two different cases to be analyzed: dim B = dim F = 2 and dim B = 1, dim F = 3.
Suppose first that dim B = 2, dim F = 2. Let e 1 , e 2 ∈ X(B) and e 3 , e 4 ∈ X(F ). Then Suppose now that dim B = 3 and dim F = 1. Let e 1 , e 2 , e 3 ∈ X(B) and e 4 ∈ X(F ). Then The relations between the self-dual and the anti-self-dual components show that in all cases the self-dual and anti-self-dual operators simultaneously vanish. Hence the result follows.
The main result of this section reads as follows:
Theorem 3.2 A four-dimensional pseudo-Riemannian warped product manifold is conformally Osserman if and only if it is locally conformally flat.
Proof. If the signature is Lorentzian then the result follows from [5] . Hence assume hereafter that the signature is Riemannian or neutral. A warped product B × f F is in the conformal class of (B ×F, 1 f 2 g B ⊕g F ), which is a direct product. Thus, since the two properties under consideration are conformal invariants, it suffices for our purpose to restrict our analysis to direct products. From Lemma 3.1 a direct product is self-dual if and only if it is anti-self-dual and the result follows.
Four-dimensional twisted products
Note that the relations given in the proof of Lemma 3.1 between the self-dual and anti-self-dual components still hold if we consider a twisted product B × f F with dim F = 1. Hence Lemma 3.1 also holds in this particular case. Moreover, for a twisted product B × f F with dim B = 1 we consider a conformal change by
so that the dimension of the fiber is 1. Again the result holds since the conditions under consideration are conformally invariant, thus we obtain the following result. In view of Theorem 3.3 one may wonder if this result holds in general for a four-dimensional twisted product. This is not the case, as next example shows.
Example 3.4 Consider the twisted product (M, g) = R
2 × f R 2 , with twisting function f (x 1 , x 2 , x 3 , x 4 ) = e x1x3−x2x4 . A lengthy but straightforward calculation shows that
Hence (M, g) is self-dual but it is not anti-self-dual and, consequently, it is conformally Osserman but not locally conformally flat.
Although we have just given a general negative answer to the extension of Theorem 3.2 to twisted products, the following result shows the non-existence of compact (anti-)self-dual twisted products which are not locally conformally flat if the metric is positive definite.
Theorem 3.5 Let (M, g) = B × f F be a compact Riemannian twisted product such that dim B, F = 2. Then B × f F is conformally Osserman if and only if it is locally conformally flat. Moreover, in such a case it is actually a warped product.
Proof. Since B × f F is conformally Osserman, it is self-dual or anti-selfdual. Suppose B × f F is self-dual (reversing the orientation interchanges the roles of the self-dual and the anti-self-dual components). Since B and F are 2-dimensional and oriented, let J B and J F be orthogonal complex structures on B and F , respectively. Then B × f F is Hermitian and opposite Hermitian just considering the complex structure J B ⊕ ±J F . If B × f F is self-dual, then results in [1] show that B × f F is locally conformally flat or conformally equivalent to CP 2 with the Fubini-Study metric or to a compact quotient of the unit ball in C 2 with the Bergman metric. Hence, it follows that B × f F is locally conformally flat or a locally conformally Kähler manifold. Assume J is locally conformally Kähler. Let X be a vector on the base and U a vector on the fiber. Hence {X, JX, U, JU } is an adapted basis for the product. Since (B × f F, J) is locally conformally Kähler, then there exists ψ such that (B × F, ψ g B ⊕ ψ f 2 g F ) is Kähler on a suitable open set (note that this is a doubly twisted product). Then
from where U (ln ψ) = 0, JU (ln ψ) = 0, X(ln ψf 2 ) = 0 and JX(ln ψf 2 ) = 0. This implies that ψ is constant over F and one proceeds in an analogous way to show that ψf 2 is constant over B too. Therefore f decomposes as a product f = f B f F so that f B is constant on F and f F is constant on B, hence B × f F is indeed a warped product and by Theorem 3.2 it is locally conformally flat.
Higher dimensional setting
Motivated by the results of previous section, one may wonder if an arbitrary conformally Osserman warped product is locally conformally flat. It has been shown in [5] that any conformally Osserman Lorentzian manifold is locally conformally flat but the following is a counterexample to this fact in arbitrary indefinite signature (not Lorentzian). 
where (x 1 , x 2 , x 3 , x 4 ) are coordinates in B. Note that B = (R 4 , g B ) is a strictly Walker metric with signature (2, 2) and R k ν is endowed with an Euclidian metric of signature (ν, k − ν). Then the only non-null component of the curvature, up to the usual symmetries, is
A straightforward calculation shows that M is Ricci flat and thus the only nonnull component of the Weyl tensor, up to the usual symmetries, is
Then B ×R k ν is conformally Osserman with nilpotent conformal Jacobi operator; however it is not locally conformally flat unless
In what follows we show that the result in theorems 3.2 and 3.3 still holds in the Riemannian setting for arbitrary dimension. We proceed in an analogous way to the previous section and, as a preliminary step, we characterize conformally Osserman direct products.
Lemma 4.2 Let (M, g) be a conformally Osserman Riemannian manifold which decomposes as a direct product
Proof. Let p ∈ M be an arbitrary point. To establish notation, set b = dim B and d = dim F and use superindexes B and F to refer to manifolds B and F , respectively. On T p M we can choose an orthonormal basis {e 1 , . . . , e b , f 1 , . . . , f d },
Indeed, from the expressions of the curvature in Lemma 2.1 we compute:
n−2 ρ(e i , e i ) + ρ(e j , e j ) − τ n−1 e j , and
Therefore, f j is an eigenvector for every J W (e i ) (analogously, e i is an eigenvector for every J W (f j )). Also notice that mixed terms of the Weyl tensor vanish, that is, W (e i , f j )e k = 0 and
Recall the Rakić duality principle [15] : "for an Osserman Riemannian manifold J A (X)Y = λ Y if and only if J A (Y )X = λ X". This principle also applies for conformally Osserman Riemannian manifolds (indeed it is true in a purely algebraic context for any Osserman algebraic curvature tensor, see [11] ). Hence we compute
This shows that e 1 is an eigenvector for J W (cos θf j + sin θf k ) associated to the eigenvalue cos 2 θλ+ sin 2 θµ; but, since the eigenvalues are constant, we conclude that λ = µ. By repeating this argument, we show that all the eigenvalues of J W (e 1 ) associated to eigenvectors f j in T Proof of Theorem 1.1. It follows immediately from Lemma 4.2 just using that any warped product metric is in the conformal class of a product metric.
Osserman condition on twisted products
It was shown in [6] that a locally conformally flat twisted product with factors of dimension greater than one may be expressed as a warped product. Hence it arises as a natural question whether a conformally Osserman twisted product can be reduced to a warped one. The answer to this question is positive for odd dimensions, since in this case the conformally Osserman condition is equivalent to local conformal flatness (see [5] ). On the contrary conformally Osserman twisted products with base and fiber of dimension ≥ 2 do not necessarily reduce to warped products as Example 3.4 shows. However, we see in this section that manifolds with twisted product structure and fiber or base of dimension one behave quite differently. Proof. If dim B = 1, B × f F is in the conformal class of F × 1/f B whose fiber is one-dimensional, so we may suppose without loss of generality that dim F = 1. Let p ∈ M be an arbitrary point. Let v be a unit vector on the fiber F . Now consider J W (v) and take a basis of orthonormal eigenvectors {e 1 , . . . , e n−1 } tangent to the base of the twisted product. Denote by {λ 1 , . . . , λ n−1 , 0} the eigenvalues associated to the orthonormal basis {e 1 , . . . , e n−1 , v}. Note that for i = j, W (e i , v, e j , v) = J W (v)e i , e j = 0, and, for any i, j, k with i = j, j = k, k = i, W (e i , v, e j , e k ) = W (e j , e k , e i , v) = R(e j , e k , e i , v) − Since M is conformally Osserman, the eigenvalues of the conformal Jacobi operator are constant. Therefore λ i = λ j . But, since tr(J W (·)) = 0, all the eigenvalues are zero and thus the Weyl tensor vanishes. Hence M is locally conformally flat.
Finally we take advantage of Theorem 4.3 to show that every Osserman twisted product has constant sectional curvature in the Riemannian setting.
Proof of Theorem 1.2. Assume B × f F is Osserman. Then it is Einstein and conformally Osserman [5] . On the one hand, if dim F > 1 then, by results in [10] , B × f F is indeed a warped product and, from Theorem 1.1, B × f F is locally conformally flat. On the other hand, if dim F = 1 we conclude from Theorem 4.3 that B × f F is locally conformally flat too. Finally, since B × f F is Einstein and locally conformally flat, it has constant sectional curvature.
Since any two-point-homogeneous manifold is Osserman, the following result is an immediate consequence of Theorem 1.2. 
